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A Negative Line of Research

Nice proof systems lie in the heart of proof theory, from decidability of a
logic to investigation of its admissible rules. But we, proof theorists, know
that these natural well-behaved systems are rare and extremely hard to

find.
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A Negative Line of Research

Nice proof systems lie in the heart of proof theory, from decidability of a
logic to investigation of its admissible rules. But we, proof theorists, know
that these natural well-behaved systems are rare and extremely hard to
find.

An Impossibility Problem
Is it possible to prove that some logics do not have a nice proof system?

As usual with the negative results we have to go through the following
three steps:

e Proposing a convincing formalization of what we mean by natural and
nice proof systems,

e Finding an invariant, i.e., a property that the logic of a nice proof
system enjoys,

e And finally, proving that almost all logics in a certain given category
do not enjoy that property.

v
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A Bit of History

lemhoff [3] introduced a class of rules and axioms that are called focused
rules and focused axioms as a first approximation of this vague notion of
naturalness. Informally speaking:
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A Bit of History

lemhoff [3] introduced a class of rules and axioms that are called focused
rules and focused axioms as a first approximation of this vague notion of
naturalness. Informally speaking:
e Focused axioms are just a modest generalization of the axioms of LJ.
e A focused rule is a rule with one main formula in its consequence
such that the rule respects both the side of this main formula and the
occurrence of atoms in it, i.e. if the main formula occurred in the
left-side (right-side) of the consequence, all non-contextual formulas
in the premises should also occur in the left-side (right-side) and if an
atom occurs in these formulas, it should also occur in the main
formula.
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A Bit of History

lemhoff [3] introduced a class of rules and axioms that are called focused
rules and focused axioms as a first approximation of this vague notion of
naturalness. Informally speaking:
e Focused axioms are just a modest generalization of the axioms of LJ.
e A focused rule is a rule with one main formula in its consequence
such that the rule respects both the side of this main formula and the
occurrence of atoms in it, i.e. if the main formula occurred in the
left-side (right-side) of the consequence, all non-contextual formulas
in the premises should also occur in the left-side (right-side) and if an
atom occurs in these formulas, it should also occur in the main
formula.
The conjunction and disjunction rules in the intuitionistic calculus LJ can
be considered as examples of focused rules. But implication rules are not
focused.
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A Bit of History

Theorem (lemhoff [3])

If a super-intuitionistic logic has a terminating proof system consisting of
focused rules and focused axioms, it has the uniform interpolation
property.
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A Bit of History

Theorem (lemhoff [3])

If a super-intuitionistic logic has a terminating proof system consisting of
focused rules and focused axioms, it has the uniform interpolation
property.

e Nice proof systems are focused proof systems i.e., the systems
consisting of focused axioms and focused rules,

e The invariant is uniform interpolation,

e Only seven of the super-intuitionistic logics have uniform
interpolation.
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Our Contribution

In this talk we will present a second approximation for nice proof systems.
First we define the semi-analytic rules as our candidate for the natural
well-behaved sequent-style rules. These rules can be defined roughly as the
focused rules relaxing the side preserving condition. Therefore, they cover
a vast variety of rules including focused rules, implication rules,
non-context sharing rules in substructural logics and so many others. We
also consider the usual modal rules of K, D, K4, K4D and S4. Then we
show:
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Main Result (informal.)

Theorem (A., Jalali)

(1) If a sufficiently strong sub-structural logic has a sequent-style proof
system only consisting of semi-analytic rules and focused axioms, it
has the Craig interpolation property. As a result, many substructural
logics and all super-intuitionistic logics, except seven of them, do not
have a sequent calculus of the mentioned form.

(i) If a sufficiently strong sub-structural logic has a terminating
sequent-style proof system only consisting of semi-analytic rules and
focused axioms, it has the uniform interpolation property.
Consequently, K4 and S4 do not have a terminating sequent calculus
of the mentioned form.
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Main Result (informal.)

Note that the three steps in our result are:

e Qur nice proof systems are semi-analytic proof systems i.e., the
systems consisting of the suitable variants of semi-analytic rules and
focused axioms,
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Main Result (informal.)

Note that the three steps in our result are:

e Qur nice proof systems are semi-analytic proof systems i.e., the
systems consisting of the suitable variants of semi-analytic rules and
focused axioms,

e The invariants are both Craig and uniform interpolation,

e The class of logics is the class of all extensions of a very basic
substructural logic. Therefore, besides the known results on the lack
of interpolation in super-intuitionistic and modal logics we can also
use some negative results for some sub-structural logics [4].
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Main Result (informal.)

Note that the three steps in our result are:

e Qur nice proof systems are semi-analytic proof systems i.e., the
systems consisting of the suitable variants of semi-analytic rules and
focused axioms,

e The invariants are both Craig and uniform interpolation,

e The class of logics is the class of all extensions of a very basic
substructural logic. Therefore, besides the known results on the lack
of interpolation in super-intuitionistic and modal logics we can also
use some negative results for some sub-structural logics [4].

Hence, we have to first explain what we mean by a semi-analytic rule and
then we have to introduce the logics for which the Craig interpolation fails
to hold.
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Preliminaries: Basic Sub-structural Logics

= A M= A
risa  T=o0a RO
Mo=A ] M= ¢,A M=, A
For=A " F= oAt A A
Moo= A F,¢=>AL M= ¢,A R M=y, A R
Foviy=A V Tosoveo,A Y T=ove,A Y
Mo, v=A M= ¢,A 2=, A R
Losy=A0 Y=g« AN
M= ¢, A Y= A ! Moo=y, A R

LY, o —=¢=A4N F=9¢—-v,4
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Preliminaries: Basic Sub-structural Logics

e The system consisting of the single-conclusion version of all of the
above-mentioned rules is FLe ™.
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Preliminaries: Basic Sub-structural Logics

e The system consisting of the single-conclusion version of all of the
above-mentioned rules is FLe ™.

e If we also add the single-conclusion version of the following axioms,
we will have the system FLe.

r=T,A NnL=A
e In the multi-conclusion case define CFL.~™ and CFL. with the same
rules as FLe™ and FLg, this time in their full multi-conclusion version
and add + to the language and the following rules to the systems:
Moo= A o= A I M= ¢, 9, A
MY, o+v= AN M=o+, A

R+
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Preliminaries: Structural Rules

Weakening rules:

= A L M= A R
o=A4A """ T=¢0""

Contraction rules:

E@éﬁAl_ = ¢,0,A
o=A " T=¢A
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Preliminaries: Structural Rules

Weakening rules:

= A L M= A R
o=A4A """ T=¢0""

Contraction rules:

E@é@Al_ = ¢,0,A
o=A " T=¢A

Rc

e FLew = FLe + (Lw) + (Rw),
o Flec = FLe + (L),
¢ CFlew = CFLe + (Lw) + (Rw).
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Preliminaries: Structural Rules

Weakening rules:

= A L M= A R
o=A4A """ T=¢0""
Contraction rules:
Mo,¢=A ! = 9¢,¢,A R
Fo=A ¢ T=g¢A

FLew = FLe + (Lw) + (Rw),
Flec = FLe + (Lc),

CFLew = CFLe + (Lw) + (Rw).
e CFLec = CFL, + (Lc) + (Ro).
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Semi-analytic rules: Single-conclusion

e Left semi-analytic rule:
KNy, 1hjs = Ojs)s); (i, dir = Dipe)i
I_Ilu'” 7nm7r17"‘ 7rn7¢:>A17"' 7An
where 1}, I'; and A;’s are meta-multiset variables and

Ui, V(@ir) v Uj s V() v Uj s V(i) < V()
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Semi-analytic rules: Single-conclusion

e Left semi-analytic rule:
KNy, 1hjs = Ojs)s); (i, dir = Dipe)i
I_Ilu'” 7nm7r17"‘ 7rn7¢:>A17"' 7An
where 1}, I'; and A;’s are meta-multiset variables and

Ui, V(@ir) v Uj s V() v Uj s V(i) < V()

e Right semi-analytic rule:
LTy ir = Pie)r)i
r17 R rn = ¢
where [';'s are meta-multiset variables and

Ui,r V((Zir) v Ui,r V(T/_}ir) < V(¢)
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Semi-analytic rules: Context-sharing

Context-sharing semi-analytic:

Ui bis = Ois)syi (i, dir = Didryi
rlv"' arnvqb:Al?"' 7An

where I'; and A;'s are meta-multiset variables and

Ui,r V((zlr) Y Ui,s V(iz:s) Y Ui,s V(éls) < V(¢)

We will call the conditions for the variables in all the semi-analytic rules,
the occurrence preserving conditions.

Note that in the left rule, for each i we have |A;| < 1, and since the size
of the succedent of the conclusion of the rule must be at most 1, it means
that at most one of A;'s can be non-empty.
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Semi-analytic rules: Multi-conclusion

o Left multi-conclusion semi-analytic rule:
LT iy dir = Yir, Di)r)i
rla"' 7rna¢:>A17"' aAn
with the same occurrence preserving condition as above and the same
condition that all I';’s and A;'s are meta-multiset variables.
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Semi-analytic rules: Multi-conclusion

o Left multi-conclusion semi-analytic rule:
LT iy dir = Yir, Di)r)i
rla"' 7rna¢:>A17"' aAn
with the same occurrence preserving condition as above and the same
condition that all I';’s and A;'s are meta-multiset variables.

e Right multi-conclusion semi-analytic rule:
LTis Gir = Yir, Di)r)i
rlv"' 7rn:>¢7A17"' 7An
again with the similar occurrence preserving condition and the same
condition that all I';’s and A;'s are meta-multiset variables.
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Semi-analytic rules

By a modal rule, we mean one of the following usual modal rules:

M= ¢ K M= ar = ¢ RS Moo= A
O = 00 o = =06 ™ Te=a

with the conditions that I and A are meta-multiset variables, ¢ is a
meta-formula variable, whenever the rule (D) is present, the rule (K) must
be present, and similarly whenever the rule (RS4) is present in a system,
the rule (LS4) must be present, as well.

LS4
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Generic Examples

Example

A generic example of a left semi-analytic rule is the following:

r,¢1,¢2:>¢ r79:>77 n):“’lv“ZaNB:}A
LMNaoa=A

where

V(¢17 ¢27 ,QZJ? 9a 5 K1, (2, /-1’3) = V(Oé)

and a generic example of a context-sharing left semi-analytic rule is:

o=n [, pa, o, 3 = A
Na=A

where

V(e? T, K1, 2, ,UJ3) S V(Oé)

v
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Concrete Examples

Example

For some concrete examples, note that all the usual conjunction,
disjunction and implication rules for IPC are semi-analytic. The same also
holds for all the rules in sub-structural logic FLe, the weakening and the
contraction rules and some of the well-known restricted versions of them
including the following rules for exponentials in linear logic:

Liglo=A _TT=A
Ng=A Tlg=A

For a context-sharing semi-analytic rule, consider the following rule in the
Dyckhoff calculus for IPC:

NY—->y=¢—-19 y=A
F(p—vY)—>y=A
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Non-examples

Example

For a concrete non-example consider the cut rule; it is not semi-analytic
because it does not meet the variable occurrence condition. Moreover, the
following rule in the calculus of KC:

Le=19,A
N=¢—>y,A

in which A should consist of negation formulas is not a multi-conclusion
semi-analytic rule, simply because the context is not free for all possible
substitutions. The rule of thumb is that any rule in which we have side
conditions on the contexts is not semi-analytic.
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Focused axioms

A sequent is called a focused axiom if it has the following form:
(1) Identity axiom: (¢ = ¢)

(2) Context-free right axiom: (= &)
(3) Context-free left axiom: (5 =)

(4) Contextual left axiom: (I, ¢ = A)
(5) Contextual right axiom: (I' = ¢, A)

where I and A are meta-multiset variables and in (2) the variables in any
pair of elements in & are equal. The same condition also holds for any pair
of elements in 3 in (3) orin ¢ in (4) and (5). A sequent is called
context-free focused axiom if it has the form (1), (2) or (3).

Akbar Tabatabai May 11, 2019 18 / 31



Focused axioms

It is easy to see that the axioms given in the preliminaries are examples of
focused axioms. Here are some more examples:

-1 = = —0

d)a_'¢:> ) :¢7_'¢

N—-T=A , T=A—-1

where the first four are context-free while the last two are contextual.

Akbar Tabatabai May 11, 2019 19 / 31



Main Result (formal.)

(i) IfFLe € L, (FLe™ < L) and L has a single-conclusion sequent calculus
consisting of semi-analytic rules, modal rules K, D or S4 and focused
axioms (context-free focused axioms), then L has Craig interpolation.

(i) IfIPC < L and L has a single-conclusion sequent calculus consisting
of semi-analytic rules, context-sharing semi-analytic rules, modal rules
and focused axioms, then L has Craig interpolation.

(iii) IfCFLe € L, (CFLe™ < L) and L has a multi-conclusion sequent
calculus consisting of semi-analytic rules, modal rules K, D or S4 and
focused axioms (context-free focused axioms), then L has Craig
interpolation.
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Positive Application

As a positive application we have the following:

The logics FLe, FLec, FLew, CFLe, CFLey, CFLg, ILL, CLL, IPC, CPC
and their K, KD and S4 versions have the Craig interpolation property.
The same also goes for K& and K4D extensions of IPC and CPC.
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Positive Application

As a positive application we have the following:

Corollary

The logics FLe, FLec, FLew, CFLe, CFLey, CFLg, ILL, CLL, IPC, CPC
and their K, KD and S4 versions have the Craig interpolation property.
The same also goes for K& and K4D extensions of IPC and CPC.

Proof.
The usual sequent calculi for these logics consist of some suitable variants
of semi-analytic rules and modal rules. [

v
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Negative Applications

Except IPC, LC, KC, Bdy, Sm, GSc and CPC, none of the consistent
super-intuitionistic logics have a single-conclusion sequent calculus
consisting only of single-conclusion semi-analytic rules, context-sharing
semi-analytic rules and focused axioms.

Akbar Tabatabai May 11, 2019 22 /31



Negative Applications

Corollary

Except IPC, LC, KC, Bdy, Sm, GSc and CPC, none of the consistent
super-intuitionistic logics have a single-conclusion sequent calculus
consisting only of single-conclusion semi-analytic rules, context-sharing
semi-analytic rules and focused axioms.

Corollary

Except at most thirty seven logics, none of the extensions of S4 have a
single-conclusion (multi-conclusion) sequent calculus consisting only of
single-conclusion (multi-conclusion) semi-analytic rules, context-sharing
semi-analytic rules, modal rules and focused axioms.
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Some Sub-Structural Logics

So far, we have introduced our proposal for the nice systems and their
connection to Craig interpolation. In the following we will introduce the
sub-structural logics that lack the interpolation property [4].
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Some Sub-Structural Logics

So far, we have introduced our proposal for the nice systems and their
connection to Craig interpolation. In the following we will introduce the
sub-structural logics that lack the interpolation property [4].

A pointed commutative residuated lattice is the structure

A = (A A, v,x,—,0,1) with binary operations A, v, *, —, and constants
0,1 such that (A, A, v) is a lattice with order <, (A,*,1) is a
commutative monoid, and x * y < z if and only if x < y — z for all
x,y,z € A.
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Some Sub-Structural Logics

So far, we have introduced our proposal for the nice systems and their
connection to Craig interpolation. In the following we will introduce the
sub-structural logics that lack the interpolation property [4].

A pointed commutative residuated lattice is the structure

A = (A A, v,x,—,0,1) with binary operations A, v, *, —, and constants
0,1 such that (A, A, v) is a lattice with order <, (A,*,1) is a
commutative monoid, and x * y < z if and only if x < y — z for all

x, ¥,z € A. Consider the following conditions for residuated lattices:

(prl) 1< (x—>y)vy—x) (dis):xan(yvz)=(xnay)v(xnaz)
(inv) : =—x = x (int):x <1

(bd): 0 < x (id) : x = x = x

(fp):0=1 (div) :x* (x > y)=y=*(y — x)
(can) :x > (x*y) =y (rcan):1=—=xv ((x > (xxy)) = y)
(nc):xAn—x<0
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Some Sub-Structural Logics

Based on the conditions defined above, we can define the following logics.
Note that since all of these logics have the axioms (pr/) and (dis), we only
mention the other axioms of the systems:

(uL™) (IUL™) : (inv)
(MTL) : (int), (bd) (SMTL) : (int), (bd), (nc)
(IMTL) : (int), (bd), (inv) (BL) : (int), (bd), (div)
(G) : (int), (bd), (id) (L) : (int), (bd), (div), (inv)
(P) : (int),(bd), (div),(rcan)  (CHL) : (int), (fp), (div), (can)
(UML™) : (id) (RM®) : (id), (inv)
(IUML™) : (id), (inv), (fp) (A) : (inv), (fp), (can)
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Some Sub-Structural Logics

Furthermore, for n > 1 define

Ln:{oanila'”ug:%ul} ' Loo:[o,l]
and the pointed commutative residuated lattices (again for n > 1)
Lo = {Ln, min, max, %y ,—y,1,0)
Gn = (L, min, max, min, —¢,1,0)

where x #} y = max(0,x +y —1), x =y y = min(1,1 - x + y), and
x —>g yisy if x>y, otherwise 1. Then, for n > 1, £, and G, are the
logics with equivalent algebraic semantics V(L) and V(G,), respectively.
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Some Sub-Structural Logics

e The logics Gy, and Lo, are the Godel logic and tukasiewicz logic.
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Some Sub-Structural Logics

e The logics Gy, and Lo, are the Godel logic and tukasiewicz logic.

e R is the logic of a variety consisting of all distributive pointed
commutative residuated lattices with the condition that x = x < x for
all x.

e Define RM¢ as the logic of V(S,), where:
Som = {[—m, m] — {0}, min, max,*,—,1,—1)
Som+1 = {[—m, m|, min, max, x,—,0,0)
where:

max(—(x),y) ifx<y

min(x,y) if [x| = |y|
xxy =<y if x| <y X—>y={

in(—(x), otherwise
i f1y] < Ix] min(—(x),y) rwi
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Negative Applications

As negative applications we have the following corollaries:

None of the logics UL—, IUL~—, MTL, SMTL, IMTL, R, BL, ty, t, for

n > 3, P, CHL and A have a single-conclusion sequent calculus consisting
only of single-conclusion semi-analytic rules and context-free focused
axioms.
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Negative Applications

As negative applications we have the following corollaries:

None of the logics UL—, IUL~—, MTL, SMTL, IMTL, R, BL, ty, t, for
n > 3, P, CHL and A have a single-conclusion sequent calculus consisting
only of single-conclusion semi-analytic rules and context-free focused

axioms.

None of the logics IUL~, IMTL, Ly, t, for n > 3 and A have a
single-conclusion (multi-conclusion) sequent calculus consisting only of
single-conclusion (multi-conclusion) semi-analytic rules and context-free

focused axioms.
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Negative Applications

The only IMTL-extension with a calculus consisting of single-conclusion
(multi-conclusion) semi-analytic rules and context-free focused axioms, is
CPC.
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Negative Applications

Corollary

The only IMTL-extension with a calculus consisting of single-conclusion
(multi-conclusion) semi-analytic rules and context-free focused axioms, is
CPC.

Corollary

Except G, G3 and CPC, none of the consistent BL-extensions have a
single-conclusion sequent calculus consisting only of single-conclusion
semi-analytic rules and context-free focused axioms.
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Negative Application

Corollary
Except RM¢, IUML~, CPC, RM5 , RM; , CPC n I[UML™,

RMg; ~n IUML™, and CPC n RM3, none of the consistent extensions of
RM¢ have a single-conclusion (multi-conclusion) sequent calculus
consisting only of single-conclusion (multi-conclusion) semi-analytic rules
and context-free focused axioms. This category includes:

(i) RMg forn =5,

(i) RM5,, n RM5,_ . forn>m>1 withn> 2,
(iii) RMS,, n IlUML™ for m = 3.
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Thank You for Your Attention!
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