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A Negative Line of Research

Nice proof systems lie in the heart of proof theory, from decidability of a
logic to investigation of its admissible rules. But we, proof theorists, know
that these natural well-behaved systems are rare and extremely hard to
find.

An Impossibility Problem

Is it possible to prove that some logics do not have a nice proof system?

As usual with the negative results we have to go through the following
three steps:

‚ Proposing a convincing formalization of what we mean by natural and
nice proof systems,

‚ Finding an invariant, i.e., a property that the logic of a nice proof
system enjoys,

‚ And finally, proving that almost all logics in a certain given category
do not enjoy that property.
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A Bit of History

Iemhoff [3] introduced a class of rules and axioms that are called focused
rules and focused axioms as a first approximation of this vague notion of
naturalness. Informally speaking:

‚ Focused axioms are just a modest generalization of the axioms of LJ.

‚ A focused rule is a rule with one main formula in its consequence
such that the rule respects both the side of this main formula and the
occurrence of atoms in it, i.e. if the main formula occurred in the
left-side (right-side) of the consequence, all non-contextual formulas
in the premises should also occur in the left-side (right-side) and if an
atom occurs in these formulas, it should also occur in the main
formula.

The conjunction and disjunction rules in the intuitionistic calculus LJ can
be considered as examples of focused rules. But implication rules are not
focused.
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A Bit of History

Theorem (Iemhoff [3])

If a super-intuitionistic logic has a terminating proof system consisting of
focused rules and focused axioms, it has the uniform interpolation
property.

‚ Nice proof systems are focused proof systems i.e., the systems
consisting of focused axioms and focused rules,

‚ The invariant is uniform interpolation,

‚ Only seven of the super-intuitionistic logics have uniform
interpolation.
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Our Contribution

In this talk we will present a second approximation for nice proof systems.
First we define the semi-analytic rules as our candidate for the natural
well-behaved sequent-style rules. These rules can be defined roughly as the
focused rules relaxing the side preserving condition. Therefore, they cover
a vast variety of rules including focused rules, implication rules,
non-context sharing rules in substructural logics and so many others. We
also consider the usual modal rules of K , D, K 4, K 4D and S4. Then we
show:
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Main Result (informal.)

Theorem (A., Jalali)

piq If a sufficiently strong sub-structural logic has a sequent-style proof
system only consisting of semi-analytic rules and focused axioms, it
has the Craig interpolation property. As a result, many substructural
logics and all super-intuitionistic logics, except seven of them, do not
have a sequent calculus of the mentioned form.

piiq If a sufficiently strong sub-structural logic has a terminating
sequent-style proof system only consisting of semi-analytic rules and
focused axioms, it has the uniform interpolation property.
Consequently, K4 and S4 do not have a terminating sequent calculus
of the mentioned form.
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Main Result (informal.)

Note that the three steps in our result are:

‚ Our nice proof systems are semi-analytic proof systems i.e., the
systems consisting of the suitable variants of semi-analytic rules and
focused axioms,

‚ The invariants are both Craig and uniform interpolation,

‚ The class of logics is the class of all extensions of a very basic
substructural logic. Therefore, besides the known results on the lack
of interpolation in super-intuitionistic and modal logics we can also
use some negative results for some sub-structural logics [4].

Hence, we have to first explain what we mean by a semi-analytic rule and
then we have to introduce the logics for which the Craig interpolation fails
to hold.
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Preliminaries: Basic Sub-structural Logics

φñ φ ñ 1 0 ñ

Γ ñ ∆
L1

Γ, 1 ñ ∆
Γ ñ ∆

R0
Γ ñ 0,∆

Γ, φñ ∆
L^

Γ, φ^ ψ ñ ∆

Γ ñ φ,∆ Γ ñ ψ,∆
R^

Γ ñ φ^ ψ,∆

Γ, φñ ∆ Γ, ψ ñ ∆
L_

Γ, φ_ ψ ñ ∆

Γ ñ φ,∆
R_

Γ ñ φ_ ψ,∆

Γ ñ ψ,∆
R_

Γ ñ φ_ ψ,∆

Γ, φ, ψ ñ ∆
L˚

Γ, φ ˚ ψ ñ ∆

Γ ñ φ,∆ Σ ñ ψ,Λ
R˚

Γ,Σ ñ φ ˚ ψ,∆,Λ

Γ ñ φ,∆ Σ, ψ ñ Λ
L Ñ

Γ,Σ, φÑ ψ ñ ∆,Λ

Γ, φñ ψ,∆
R Ñ

Γ ñ φÑ ψ,∆
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Preliminaries: Basic Sub-structural Logics

‚ The system consisting of the single-conclusion version of all of the
above-mentioned rules is FLe

´.

‚ If we also add the single-conclusion version of the following axioms,
we will have the system FLe.

Γ ñ J,∆ Γ,K ñ ∆

‚ In the multi-conclusion case define CFLe
´ and CFLe with the same

rules as FLe
´ and FLe, this time in their full multi-conclusion version

and add ` to the language and the following rules to the systems:

Γ, φñ ∆ Σ, ψ ñ Λ
L`

Γ,Σ, φ` ψ ñ ∆,Λ

Γ ñ φ, ψ,∆
R`

Γ ñ φ` ψ,∆
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Preliminaries: Structural Rules

Weakening rules:

Γ ñ ∆
Lw

Γ, φñ ∆
Γ ñ ∆

Rw
Γ ñ φ,∆

Contraction rules:

Γ, φ, φñ ∆
Lc

Γ, φñ ∆

Γ ñ φ, φ,∆
Rc

Γ ñ φ,∆

‚ FLew “ FLe ` pLwq ` pRwq,

‚ FLec “ FLe ` pLcq,

‚ CFLew “ CFLe ` pLwq ` pRwq.

‚ CFLec “ CFLe ` pLcq ` pRcq.
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Semi-analytic rules: Single-conclusion

‚ Left semi-analytic rule:

xxΠj , ψ̄js ñ θ̄jsysyj xxΓi , φ̄ir ñ ∆iyr yi

Π1, ¨ ¨ ¨ ,Πm, Γ1, ¨ ¨ ¨ , Γn, φñ ∆1, ¨ ¨ ¨ ,∆n

where Πj , Γi and ∆i ’s are meta-multiset variables and
Ť

i ,r V pφ̄ir q Y
Ť

j ,s V pψ̄jsq Y
Ť

j ,s V pθ̄jsq Ď V pφq

‚ Right semi-analytic rule:

xxΓi , φ̄ir ñ ψ̄ir yr yi

Γ1, ¨ ¨ ¨ , Γn ñ φ

where Γi ’s are meta-multiset variables and
Ť

i ,r V pφ̄ir q Y
Ť

i ,r V pψ̄ir q Ď V pφq
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Semi-analytic rules: Context-sharing

Context-sharing semi-analytic:

xxΓi , ψ̄is ñ θ̄isysyi xxΓi , φ̄ir ñ ∆iyr yi

Γ1, ¨ ¨ ¨ , Γn, φñ ∆1, ¨ ¨ ¨ ,∆n

where Γi and ∆i ’s are meta-multiset variables and

Ť

i ,r V pφ̄ir q Y
Ť

i ,s V pψ̄isq Y
Ť

i ,s V pθ̄isq Ď V pφq

We will call the conditions for the variables in all the semi-analytic rules,
the occurrence preserving conditions.
Note that in the left rule, for each i we have |∆i | ď 1, and since the size
of the succedent of the conclusion of the rule must be at most 1, it means
that at most one of ∆i ’s can be non-empty.
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Semi-analytic rules: Multi-conclusion

‚ Left multi-conclusion semi-analytic rule:

xxΓi , φ̄ir ñ ψ̄ir ,∆iyr yi

Γ1, ¨ ¨ ¨ , Γn, φñ ∆1, ¨ ¨ ¨ ,∆n

with the same occurrence preserving condition as above and the same
condition that all Γi ’s and ∆i ’s are meta-multiset variables.

‚ Right multi-conclusion semi-analytic rule:

xxΓi , φ̄ir ñ ψ̄ir ,∆iyr yi

Γ1, ¨ ¨ ¨ , Γn ñ φ,∆1, ¨ ¨ ¨ ,∆n

again with the similar occurrence preserving condition and the same
condition that all Γi ’s and ∆i ’s are meta-multiset variables.
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Semi-analytic rules

By a modal rule, we mean one of the following usual modal rules:

Γ ñ φ
K

lΓ ñ lφ
Γ ñ

D
lΓ ñ

lΓ ñ φ
RS4

lΓ ñ lφ

Γ, φñ ∆
LS4

Γ,lφñ ∆

with the conditions that Γ and ∆ are meta-multiset variables, φ is a
meta-formula variable, whenever the rule pDq is present, the rule pK q must
be present, and similarly whenever the rule pRS4q is present in a system,
the rule pLS4q must be present, as well.
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Generic Examples

Example

A generic example of a left semi-analytic rule is the following:

Γ, φ1, φ2 ñ ψ Γ, θ ñ η Π, µ1, µ2, µ3 ñ ∆

Γ,Π, αñ ∆

where

V pφ1, φ2, ψ, θ, η, µ1, µ2, µ3q Ď V pαq

and a generic example of a context-sharing left semi-analytic rule is:

Γ, θ ñ η Γ, µ1, µ2, µ3 ñ ∆

Γ, αñ ∆

where

V pθ, η, µ1, µ2, µ3q Ď V pαq

Akbar Tabatabai May 11, 2019 15 / 31



Concrete Examples

Example

For some concrete examples, note that all the usual conjunction,
disjunction and implication rules for IPC are semi-analytic. The same also
holds for all the rules in sub-structural logic FLe, the weakening and the
contraction rules and some of the well-known restricted versions of them
including the following rules for exponentials in linear logic:

Γ, !φ, !φñ ∆

Γ, !φñ ∆
Γ ñ ∆

Γ, !φñ ∆

For a context-sharing semi-analytic rule, consider the following rule in the
Dyckhoff calculus for IPC:

Γ, ψ Ñ γ ñ φÑ ψ Γ, γ ñ ∆

Γ, pφÑ ψq Ñ γ ñ ∆
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Non-examples

Example

For a concrete non-example consider the cut rule; it is not semi-analytic
because it does not meet the variable occurrence condition. Moreover, the
following rule in the calculus of KC:

Γ, φñ ψ,∆

Γ ñ φÑ ψ,∆

in which ∆ should consist of negation formulas is not a multi-conclusion
semi-analytic rule, simply because the context is not free for all possible
substitutions. The rule of thumb is that any rule in which we have side
conditions on the contexts is not semi-analytic.
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Focused axioms

A sequent is called a focused axiom if it has the following form:

p1q Identity axiom: (φñ φ)

p2q Context-free right axiom: (ñ ᾱ)

p3q Context-free left axiom: (β̄ ñ)

p4q Contextual left axiom: (Γ, φ̄ñ ∆)

p5q Contextual right axiom: (Γ ñ φ̄,∆)

where Γ and ∆ are meta-multiset variables and in p2q the variables in any
pair of elements in ᾱ are equal. The same condition also holds for any pair
of elements in β̄ in p3q or in φ̄ in p4q and p5q. A sequent is called
context-free focused axiom if it has the form p1q, p2q or p3q.

Akbar Tabatabai May 11, 2019 18 / 31



Focused axioms

Example

It is easy to see that the axioms given in the preliminaries are examples of
focused axioms. Here are some more examples:

 1 ñ , ñ  0

φ, φñ , ñ φ, φ

Γ, J ñ ∆ , Γ ñ ∆, K

where the first four are context-free while the last two are contextual.
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Main Result (formal.)

Theorem

piq If FLe Ď L, (FLe
´ Ď L) and L has a single-conclusion sequent calculus

consisting of semi-analytic rules, modal rules K , D or S4 and focused
axioms (context-free focused axioms), then L has Craig interpolation.

piiq If IPC Ď L and L has a single-conclusion sequent calculus consisting
of semi-analytic rules, context-sharing semi-analytic rules, modal rules
and focused axioms, then L has Craig interpolation.

piiiq If CFLe Ď L, (CFLe
´ Ď L) and L has a multi-conclusion sequent

calculus consisting of semi-analytic rules, modal rules K , D or S4 and
focused axioms (context-free focused axioms), then L has Craig
interpolation.
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Positive Application

As a positive application we have the following:

Corollary

The logics FLe, FLec, FLew, CFLe, CFLew, CFLec, ILL, CLL, IPC, CPC
and their K, KD and S4 versions have the Craig interpolation property.
The same also goes for K4 and K4D extensions of IPC and CPC.

Proof.

The usual sequent calculi for these logics consist of some suitable variants
of semi-analytic rules and modal rules.
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Negative Applications

Corollary

Except IPC, LC, KC, Bd2, Sm, GSc and CPC, none of the consistent
super-intuitionistic logics have a single-conclusion sequent calculus
consisting only of single-conclusion semi-analytic rules, context-sharing
semi-analytic rules and focused axioms.

Corollary

Except at most thirty seven logics, none of the extensions of S4 have a
single-conclusion (multi-conclusion) sequent calculus consisting only of
single-conclusion (multi-conclusion) semi-analytic rules, context-sharing
semi-analytic rules, modal rules and focused axioms.
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Some Sub-Structural Logics

So far, we have introduced our proposal for the nice systems and their
connection to Craig interpolation. In the following we will introduce the
sub-structural logics that lack the interpolation property [4].

A pointed commutative residuated lattice is the structure
A “ xA,^,_, ˚,Ñ, 0, 1y with binary operations ^,_, ˚,Ñ, and constants
0, 1 such that xA,^,_y is a lattice with order ď, xA, ˚, 1y is a
commutative monoid, and x ˚ y ď z if and only if x ď y Ñ z for all
x , y , z P A. Consider the following conditions for residuated lattices:

pprlq : 1 ď px Ñ yq _ py Ñ xq pdisq : x ^ py _ zq “ px ^ yq _ px ^ zq

pinvq :   x “ x pintq : x ď 1

pbdq : 0 ď x pidq : x “ x ˚ x

pfpq : 0 “ 1 pdivq : x ˚ px Ñ yq “ y ˚ py Ñ xq

pcanq : x Ñ px ˚ yq “ y prcanq : 1 “  x _ ppx Ñ px ˚ yqq Ñ yq

pncq : x ^ x ď 0
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Some Sub-Structural Logics

Based on the conditions defined above, we can define the following logics.
Note that since all of these logics have the axioms pprlq and pdisq, we only
mention the other axioms of the systems:

pUL´q pIUL´q : pinvq

pMTLq : pintq, pbdq pSMTLq : pintq, pbdq, pncq

pIMTLq : pintq, pbdq, pinvq pBLq : pintq, pbdq, pdivq

pG q : pintq, pbdq, pidq p Lq : pintq, pbdq, pdivq, pinvq

pPq : pintq, pbdq, pdivq, prcanq pCHLq : pintq, pfpq, pdivq, pcanq

pUML´q : pidq pRMeq : pidq, pinvq

pIUML´q : pidq, pinvq, pfpq pAq : pinvq, pfpq, pcanq
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Some Sub-Structural Logics

Furthermore, for n ą 1 define

Ln “ t0,
1

n´1 , ¨ ¨ ¨ ,
n´2
n´1 , 1u , L8 “ r0, 1s

and the pointed commutative residuated lattices (again for n ą 1)

Ln “ xLn,min,max , ˚ L,Ñ L, 1, 0y

Gn “ xLn,min,max ,min,ÑG , 1, 0y

where x ˚ L y “ maxp0, x ` y ´ 1q, x Ñ L y “ minp1, 1´ x ` yq, and
x ÑG y is y if x ą y , otherwise 1. Then, for n ą 1,  Ln and Gn are the
logics with equivalent algebraic semantics VpLnq and VpGnq, respectively.
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Some Sub-Structural Logics

‚ The logics G8 and  L8 are the Gödel logic and  Lukasiewicz logic.

‚ R is the logic of a variety consisting of all distributive pointed
commutative residuated lattices with the condition that x ˚ x ď x for
all x .

‚ Define RMe
n as the logic of VpSnq, where:

S2m “ xr´m,ms ´ t0u,min,max , ˚,Ñ, 1,´1y

S2m`1 “ xr´m,ms,min,max , ˚,Ñ, 0, 0y

where:

x˚y “

$

’

&

’

%

minpx , yq if |x | “ |y |

y if |x | ă |y |

x if |y | ă |x |

x Ñ y “

#

maxp´pxq, yq if x ď y

minp´pxq, yq otherwise
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Negative Applications

As negative applications we have the following corollaries:

Corollary

None of the logics UL´, IUL´, MTL, SMTL, IMTL, R, BL,  L8,  Ln for
n ě 3, P, CHL and A have a single-conclusion sequent calculus consisting
only of single-conclusion semi-analytic rules and context-free focused
axioms.

Corollary

None of the logics IUL´, IMTL,  L8,  Ln for n ě 3 and A have a
single-conclusion (multi-conclusion) sequent calculus consisting only of
single-conclusion (multi-conclusion) semi-analytic rules and context-free
focused axioms.
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Negative Applications

Corollary

The only IMTL-extension with a calculus consisting of single-conclusion
(multi-conclusion) semi-analytic rules and context-free focused axioms, is
CPC.

Corollary

Except G , G3 and CPC, none of the consistent BL-extensions have a
single-conclusion sequent calculus consisting only of single-conclusion
semi-analytic rules and context-free focused axioms.

Akbar Tabatabai May 11, 2019 28 / 31



Negative Applications

Corollary

The only IMTL-extension with a calculus consisting of single-conclusion
(multi-conclusion) semi-analytic rules and context-free focused axioms, is
CPC.

Corollary

Except G , G3 and CPC, none of the consistent BL-extensions have a
single-conclusion sequent calculus consisting only of single-conclusion
semi-analytic rules and context-free focused axioms.

Akbar Tabatabai May 11, 2019 28 / 31



Negative Application

Corollary

Except RMe , IUML´, CPC, RMe
3 , RMe

4 , CPCX IUML´,
RMe

4 X IUML´, and CPCX RMe
3 , none of the consistent extensions of

RMe have a single-conclusion (multi-conclusion) sequent calculus
consisting only of single-conclusion (multi-conclusion) semi-analytic rules
and context-free focused axioms. This category includes:

piq RMe
n for n ě 5,

piiq RMe
2m X RMe

2n`1 for n ě m ě 1 with n ě 2.,

piiiq RMe
2m X IUML´ for m ě 3.
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Thank You for Your Attention!
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